OPTIMIZATION OF THERMOELASTIC LAMINAR BODIES

V. V. Alekhin and B. D. Annin UDC 539.3

Problems of laminar body synthesis are one of the promising directions in the area of
structural optimization. A number of papers [1-7] concerning questions of designing laminar
heat-shield panels, multilayered wave filters, elastic laminar bodies, is devoted to them.
The structure of the construction and its geometric dimensions are selected as control param-
eters in problems of laminar construction synthesis. The control characterizing the struc-
ture of laminar bodies is a piecewise-constant function with a discrete range of values.
Consequently, methods of optimal control theory, the maximum principle, finite control vari-
ations in sets of small Lebesgue measure, must be used in deriving the control equations
and the construction of numerical algorithms to solve the synthesis problems. The structure
and dimensions of a laminar construction are determined completely during optimization al-
though the quantity of layers in the construction, their layer dimensions and materials are
unknown in advance.

The problem of synthesis of a finite set of elastic homogeneous isotropic materials
of a multilayered spherical minimum-weight shell in a stationary temperature field and loaded
by internal and external hydrostatic pressure for given constraints on the strength of the
sphere, its dimensions, and the critical buckling load is examined in this paper. Necessary
conditions are obtained for optimality, a computational algorithm is constructed, and an
example is presented of the computation of an optimal spherical shell.

1. FORMULATION OF THE PROBLEM

Let there be a set W consisting of m homogeneous isotropic materials. A laminar spheri-
cal minimum-weight shell is to be synthesized from it.

Let r;, and r, be the inner and outer surface radii of the shell under consideration.
For definiteness, we consider the temperature T, and the pressure p; known on the boundary
r, while we give the heat transfer according to a Newton law and the pressure p, on the outer
boundary r,. The stress—strain state of a multilayered sphere under the assumption that
the case of spherical symmetry holds is described by the boundary-value problem including
the equilibrium equation

da ldr - 2{o, — g )ir = 0, (1.1)
the stationary heat-conduction equation
d { 2y 4T\ o 1.2
—(ZT(rA dr)_ 0; ( )
the thermoelasticity relationships
— E r(i N du 2 u 14y T—I
r=arwa— | T et e T,
E u L du . . (1'3)
o = T 3 b e e+ T
and the boundary conditions
o,{r1) = —py, a,r,) = ~Pa; (1.4)
dT {r
()= T M) Sz, — 1y, (1.5)
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where u(r), dp(e), ov(¢); and F(r) aie, fesPectlvéiy, the fadial displdcément of body points,
the radial and circumférential §tress cofiponents, and the stationary temperatute field act-
ing in the con&triction;j E(r), v(#), alr), and A(r) are the distributed chardctéristics of
the mediain, the Young's modulus, the Poisson ratio, thé thermal éxpansion and heat conduction
of the layer matéridls; T, is the temperatute of the external medium; dhd k is the heat-trans
fer coefficient.

On the intefnal botindaries rje (r,, t,) of the layer#, whéere the properties of the
medium undergo a discontinwity, the connection conditions fiist be given: the continuity
of the displacément u(r), the radial stress op(t), the témpérature T(¢), and the heat flux
A(r)dT/dr, i.e.,

] = o, 091 = 17 (9 = [1ri) 2] 0, (1.6)

Let o, L, Pys t, o> and A, be the characteristic quantitiés with dimensionality of the
stress, length, den51ty, temperature, and hedt-condiiction coefficient. Let us introduce
new dimensionless variables (the asterisk on the dimensionless quantities is later omitted):

u* = u/L, r*=rjL, rf =ryL, p}= pi/c, i=1,2;
or = a,/o, 0: = dyd, E* =Ej5; T% = T,’t,g, (1.7)
o* =aty, W =Mhg, o*=plps, k*= kLjky

(og and p are the strength and density liniits of the materials from the set W). Let us make
the change of coordinates

r=ry-kalr, —r), ze 0, 1], (1.8)

transferring the variable domain of assignment [r;, ¥,] into the constant [0, 1]. Let us
introduce the piecéWise-constant function

0(z) = {8;; z & lay, 2;4), 7 =1, ..., WY, 2y =0, 2y = 1, (1.9)
characterizing the structure of the siultilayered consttriiction: thé quahtity, dimensions,
and materials of the layers comprising it. The vdlués of 65 belong to a discrete finite
set

U= {8, ... 0,) (1.10)

corresponding to the given set of materials W. Now; all the characteristics of the materials
from the set W will be d1strlbut10n functions of 8(x%) in the segment [0, 1]. It is conveni-
ent to give the set of intégers U # {1, ..., h} as the set U. Thén writing 6(x) =m, x €
[Xkg, Xj41) medns thdt the k-th layer of tHe sphetré congists of the m-th material of the set
W.

Since the structure of the laminar spherical shell is determinied by the function 6(x)
and the geometry by its dimensions r; 4nd r,; we cofisider the pair {6(x), r,} as the control
(for def1n1teness we consider the éxterndl radius r, fixed), wheré 6(x) e U (1. 10) and

& la, b1 : (1.11)
(e, b are given limits within which the thickness of the tonstriction under consideration
can vary).

The optimal design problem is theé following. Among the piecewise-constant functions
6(x) (1.9), whose range of values belongs to the set U (L. i0) and the parameters r, from
the segment [a, b] (1.11), find the control {6(x); r;}; dchiéving the minimum of the weight
functional

1‘2 1 -
F1o.r,) = fp@rdr =f®(z,0,r)ds (1.12)
0 ) .

"1
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for given constraints on the strength

olz, u, o, T, 0, )< o {1.13)
and the critical buckling load

Py — Py — 40, 1) 0. (1.14)

We consider the Mises plasticity condition as the constraint (1.13)

o w0, T,0,r)=|0,—0¢] — 05 = 'Ti_v(_ii__aT)_

1-—2v
________Gr

1 —w —6<0,

and the quantity q(8, r;) (1.14) as the load
2sEch2

1O = E Y (1.15)

which is formally the product of the external critical pressure for a homogeneous isotropic
spherical shell by a certain factor s < 1. Here h = r, — r, is the shell thickness, R =
1/2(r,; + r,) the radius of its missile surface, and E; and v, the elastic moduli of the
shell material.

To use expression (1.15) under constraint (1.14) for a multilayered shell the elastic
moduli of a packet averaged with respect to the thickness [8]
Ve = ByB,, E, = (B, — v.B)h, (1.16)
1 1 )
are considered as E. and v., where 811251“£!2L—4r2—-rﬂd$;lﬁf:lgzﬁﬁliga(rz——q)dr.
J 11—+ (0) ‘ J 17 (0)

Taking account of (1.15) and (1.16), the constraint (1.14) can now be represented in
the form

1
Fylbony) = p,—py _‘S‘Q(e, ryydr <0
0

N 25h°E (8) [1 — v, v (9)] (1.17)
(Q(e’“) T ORM1— v 0) V?T(T?;c_))

2. NECESSARY OPTIMALITY CONDITIONS

To derive them in the problem (1.1)-(1.17), an expression must be constructed for vari-
ations of the target functional (1.12) and the constraints (1.13) and (1.17) in terms of
variations of the control {6(x), r;}. To this end we transform the boundary-value problem
(1.1)-(1.6). We first integrate (1.2). We have (the prime denotes the derivatives with
respect to the coordinate x)

PMo)T (x) = c(r, — 1) (2.1)

where the variable r is associated with x by the relationships (1.8). Using the condition
(1.6) for continuity of the heat flux over the construction layers, we obtain that the con-
stant of integration ¢ will be identical over the whole segment [0, 1]. Now, making the
substitution

T(z) = elo(2) - T (2.2)

we obtain a Cauchy problem to determine the function To(x) from the relationships (1.5),
(2.1), and (2.2)

, ro—r
Ty(x) = L, T4(0)=0. (2.3)

o ()
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As a solution of the Cauchy problem (2.3), the function T,(%) is Here continucus in the seg-
ment [0, 1}; therefore, the tempetrature function T(x) (2.2) is dlso continuous. The constant
c is determined from the second condition (1.5) and the relaticnships (2.1) and (2.2)
e = kr3 (T, — Ty)/lkriT, (1) + 1l (2.4)
For convenience we denote the value of the function To(l) by v. As follows from (2.3), t
value of the parameter y depends on the selection of the contrel {8(x), ri}.
The form of Egs. (1.1), (1.3), (2.3) and the conihection condition (1.6) permit introduc-
tion of phase variables continuous in the seégment [0, 1]
Lx) = (u(z), olz), To(x))". (2.5)
Now the original boundary value problem (1.1), (1.3), (1.4), (2.2)-(2.4) can be represented
in the form of a boundary-value problem in the unknowns Z(x) (2.5)
Z(z) = Alz, v, 8, r)-Z(z) - B(x, 8, ry), 5,(0) = —p,, 5,(1) = —ps. z(0) = 0, (2.6)

where the nonzero elements 43 afd bj; of the matrix Alx, v, 8, r ;) and the vector B(x, s
r,) are expressed as

() (v =2y, —r) _acd 4-v) b(rz —r)
L Ed—7) I
2E(r2_rl) (2—4v)(r2—~rl) S ke (r2~r1’
T Iy T T e T T
L 2uET (r, —r ro—r
by = aly(ry —r) iy b= 2N —T) oy BT

T(V—-.—- 1) 4 f 1_27\

We replace the local constraint (1.13) by an équivalent integral constraint
1 "2 1
FUZ, 3.8, 1) —:7§ CHle(L ) hrdr = (@, Z, 3,6, 1) dz = 0. (2.7)
L 0

Let us note that the functional (2.7) has a Frechet derivative {9] since the integrand
|#(...)|, which is the absolute value of the Mises plasticity condition, can vanish in a
laminar sphere only in a set of zero measure consisting of a finite number of points.

‘Now, let the pair {6(x), r,} be the optimal control from the allowable set (1.10) and
(1.11) minimizing the functional (1.12) and satisfying the constraints (1.17) and (2.7).
Let us consider the perturbed control {8%(x), r; + 8r;} [9]

fgta), zeD, gy U,
|6 (). ze& D,

(D c [0, 1] is a set of small measure mes (D) < £; & > 0 is a small quantity). Using the
standard technique [9], the principal parts of the increments of the functionals (1.12),
(1.17), and (2.7) can be obtained {for brevity the arguments of the functions referring to
the unperturbed control {6(x), r,} are omitted

b*(n) = ro-brela, b], 18y | <e (2.8)

8F[...]= ij{q)(e*, L) =@, .. )} dz + Gbry,
[ ..]:i{M(e*, L) —M@®, .. )}y di - G b, (2.9)
§F, 1. = — i{o (0%, 1) — 06, 1)} dz — G, br.
Here
M@ ¥, v, 0 r) = Ola, 23, 8, )+ W) LG v, 0, ) 2e) + Bl 0, )

1
G:X;—CD(:C 0, zl)dx G, —5'——M(x Z,¥, v, rl)d:c
(1)
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Gy = 5;}-‘3—10(6, ry) dx;
1]

St

and the vector of the conjugate variables W(x) satisfies the boundary-value problem

T
*

¥ (z) = — A" (z, v, 8, rl)-‘l". (x) — [-(% D, (2, Z, v, 6, rl)]

1 (2.10)
7 ‘
DO =t =0, w0 =2 M@ 2 ¥ 50
0
Let us now compile the expanded functional
JIO,rl = F 0, ry) + MFLIZ, v,8, 7] + My {Fa 16, r] + gi] + (2.11)

-}—7»2{11-»)‘1—{-&3} +7“3{r1“‘b+§:2;}

(A, £1% are Lagrange multipliers and penalty variables [10]). The variation of the func-
tional J[8, r,] (2.11) can be represented by using (2.9) in the form

S0 = [{H® ...)—H®* ..))dz+
D

3 (2.12)
+{G + MGy — MGy - Ry — Ay} by - 2 2 MESE,
i=1
where
Hz Z,¥, vy, 0, r) = —D(z. 8, r}) — A Mz, Z, ¥.y. 0, ry) - 4,008, 7). (2.13)

Since the control {6(x), r,} is optimal (minimizing), for any allowable controls {6%(x),
r, + 8r,} the condition 8J[...] 2 0 should be satisfied. Then, by virtue of the arbitrariness
of the variations 8r, and 8&;, we obtain from (2.12) the relationships [10]

G+ MGy — MGy — Dy = by = 0; (2.14)
MF, 18, ) = 0, Ay 3 0; (2.15)
Afa — 1) = 0, My(ry — b)) =0, 4, =0, 4, =0 (2.16)

and because the set of small measure D can be compactly arranged in the segment [0, 1] al-
most everywhere, the maximum condition for the Hamiltonian function H(...) (2.13) in the
argument 8 [9] should be satisfied for almost all xe [0, 1]

H(x,Z,%,v,0,r)=max H(z, Z, ¥, v, 8%, 1,). (2.17)
orel
Therefore, we obtain that the optimal control {6(x), r,} and its corresponding optimal tra-
jectory ¥(x) and the conjugate variable vector Z(x) should satisfy the boundary-value prob-
lems (2.6), (2.10), the relationships and constraints (1.9)-(1.11}, (1.17), (2.7), (2.15),
(2.16) and the optimality conditions (2.14) and (2.17).

3. COMPUTATIONAL ALGORITHM

The main idea of the direct method of solving the optimal design problem is the con-
struction of a sequence of controls {6(x), ri}y» =1, 2, ..., that minimizes the target
functional (1.12). To do this by introducing a uniform mesh {x;} we partition the segment
{0, 1] into n segments D; simulating a set of small measure. We give the initial control
{6(x), r;} from the allowable domain (1.9)-(1.11). The function 8(x) is evidently piece-
wise-constant with the constancy sections Dy = [x34, Xj4:) on which it takes on values from
the set U (1.10). The next approximation {8%(x), r; + 8r,} is given in a certain set Dy
in the form (2.8)

e* ) {ek’ IEDh eke lfv
*) =16 (2), z & Ds;

ry -+ 8r, & la, 01, !(Srl'_|<8 (3.2}

(3.1)
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and is determined from the linearized optimization problem: Find that allowable pertwrbation
{6k, Sr;} in the set Dy that will assure a maximal decrease in the functional F[...} (1.12)
(or, equivalently, the minimum of the variation &F[...] (2.9)) under conditions (3.1} and
(3.2) and the linearized constraints (1.17) and (2.7)

FZ - 8Z, v + 8y, 0%, r; + 8ry]l = FLlZ, v, 0, 1] + (3.3)
+ 8F,(Z, v, 0, ry] = 0

F,10%, r, 4+ 8r,] & F,[0, r] + 6F,[0, r,1<0, (3.4)

where the expressions for 8F,[...] and 8F,[...] are given by (2.9). This linearized problem
is a modification of the problem examined in Secs. 1 and 2. We hence obtain directly that
the optimal perturbation {0y, &r;} should satisfy the relationships

8ry = —T{G + MGy — MGy — hy + A}, T 0; (3.5)
M{F, 8, r] = 8F,10, 1,1} =0, &, = 0; (3.6)
hola — 1y — 8r) = 0, Mofry + 6y — ) =0, 2,20, A >0 (3.7)

and the constraints (3.2)-(3.4).

The multipliers T, A,, and A; are found from (3.2) and (3.7) during the numerical com-
putation process. One of two modifications is realized for the determination of the best
correction 8 (3.1).

A. G, # 0. We then obtain from (3.3) and (3.5)
oy = ~{j M8y, ...)— MO, ...)]dz = Fy{Z, v, 8, ry]}Gy,
D;

and the correction 8y minimizing the variation §F[...] (2.9) is found from the condition

SH(x Z, W, v, 0, rl)dx*ma\_gl H(z,Z, ¥, v, 05, r)dz

Dj; 6;eU Dy

(H(x, Z, ¥, v, 8;, 1)) = — Oz, 8;, ry) 4- GM(z, Z, ¥, v, 6;, rolGy).

Here (3.4) should be satisfied as well as the constraints (3.2) and (3.7).

B. G, = 0. Assuming the exact equality (3.4) is satisfied, we find from relationships
(3.4) and (3.5) (G, # 0 in the problem under consideration)

8y = — {j [Q (8, 1) — Q(8, r))] dz — F, 8, rl]l/az.
b; J

Here the multiplier is

Ay = { [0, r] — [ (Q@ 1) — Q8. r)] dx}/(rG;i) + (G =y + W)/G,y.
D;

According to condition (3.6), A, 2 0. If A, 2 0, then the correction 8y is determined from
the expression

X H (z, 8, ry)dx = ma\‘sl H(x 0;, ry)dr
b; 8,€U b

(H(x, 8j 1) = — Dz, 0;, rl) + GQ(®;, 1)/Gy)

with the constraints (3.2), (3.7) and F,{Z + 8Z, y + 8y, 0%, r; + &r;] = 0 (3.3) taken into
account. If X; < 0, then the assumpt1on about compliance with the exact equality (3.4) is
not true. Then the constraint (3.4) is not taken into gccount and the correction {6y, 6r;}
is determined from the relations
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with the constraints (3.2), (3.3), and (3.7) taken into account.

By constructing the new control {6%(x), ry + 8r;} in this manner we take it as the ini-
tial control and construct the next approximation. The process is considered terminated
and this mesh of partitions {x;} if the control {6 (x), r,} does not change in any of the
sets Dj.

4. EXAMPLES

The set W consists of five materials with the following mechanical and physical dimen-
sionless characteristics (1.7): E = 270, 7100, 10,500, 21,000, and 11,200; v = 0.27, 0.3,
0.3, 0.3, and 0.33; p = 0.65, 2.83, 4.4, 7.8, and 8.93; o4 = 4.5, 40, 60, 120, and 20;
a+10% = 100, 21.94, 8.4, 15, and 16.7; A = 0.07, 155.4, 8.4, 45.4, and 389.6; k = 23.26.
Given on the inner surface of the sphere whose radius r,; can vary between the limits of the
segment [0.7, 0.91] are p; = 0 and T, = 0. On the outer sphere surface whose radius r, is
considered fixed, equal to one, p; = 6, and the heat transfer according to a Newton law with
the temperature of the external medium T, = 100 are given. The coefficient is s = 0.1 in
(1.15). The sphere is covered inside and out by thin (0.002 thickness) nonvariable shield-"
ing layers of a third material. The inner variable domain of the sphere is partitioned
into 48 equal parts simulating the set D; along the thickness.

Taken as the initial approximation is a four-layer sphere with r; = 0.9, F = 0.2203,
and with layers [0.9, 0.912] of the third material, [0.912, 0.972] of the second material,
[0.972, 0.998] of the first material, and [0.998, 1] of the third material. Obtained as
a result of optimization is a fourteen-layered sphere (included among the layers are also
the two nonvariable protective layers) with r; = 0.9015 and F, = 0.202 [the constraint
F, = =0.9 (1.17)]. A slit of this sphere along the thickness is represented in Fig. 1.
Layers from the third material are shaded by hatching, from the second material by lines,
and from the first material by dots. Graphs of the distribution of the radial stresses
op(r), the temperature T(r), and the stress intensity function ¢(r) (1.13) are presented
in Figs. 2-4. A three-layered sphere with r; = 0.91 and F* = 0.2398 whose inner variable
domain consists of the second material is the lightest '"homogeneous" sphere satisfying the
constraints on strength (1.13) and stability (1.14) for given p;, p, and T,, T,. The rela-
tive gain in weight for an optimal sphere as compared with the given 'homogeneous'" sphere
is (1 = F,/F*)-100% = 15.8%.
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A CLASS OF INVERSE CREEP THEORY PROBLEMS

I. Yu. Tsvelodub UDC 539.376

Certain inverse problems associated with finding the external effects needed to obtain
the requisite residual body or plate shape under creep conditions in a given time t, with
elastic unloading are taken into account at the time t =t,. It is assumed here that the un-
known external effects belong to a definite class, for instance relaxation problems were
examined in [2, 4, 5] when unknown displacements of body surface points (unknown plate de-
flections) remained fixed during the time t,, and external loads were considered constant
in time in [1, 2], etc.

A class of inverse problems about finding external loads such as would assure a given
residual body (plate) shape at any running time is investigated in this paper. A theorem
on the uniqueness of the solution is proved for the cases of small strains. A variational
formulation is given for these problems on the basis of finding the stationary value of a
qeﬁtain,functional; the displacement and stress velocities are here varied simultaneously
as both running and residual (after elastic unloading). The solution of the problem in an
exact formulation is compared in a specific example with the solution obtained by using the
mentioned mixed variational principle.

1. Let us consider a uniformly heated body of volume v with surface S whose govern-
ing strain equations we write as
€x1 = QpimnOmn + S?el (kv I = '11 25 3)7 (1. 1)

where €y, €k9®, Okgs Okgmn = %mnke are components of the total strain, creep strain, stress
and elastic pliability tensors, respectively, summation from 1-3 is performed over repeated
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